
Biostatistics 208   -   Logistic Regression (lecture 9)
S. Shiboski <steve@biostat.ucsf.edu>

Review of logistic regression for a single predictor 

Example: dependence of CHD risk (P) on the binary predictor arcus in WCGS data
 ! • arcus = 1 for those with condition, arcus = 0 for those without
! • chd69 is a binary indicator of CHD at the end of follow-up 

• default output of model - reports exponentiated coefÞcients (ORs) and 95% CIs:

. logistic chd69 arcus

Logistic regression                               Number of obs   =       3152
                                                  LR chi2(1)      =      12.98
                                                  Prob > chi2     =     0.0003
Log likelihood = -879.10783                       Pseudo R2       =     0.0073
------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       arcus |    1.63528   .2195035     3.66   0.000        1.257    2.127399
------------------------------------------------------------------------------

 ! • default output of Stata logistic regression procedure gives the odds ratio comparing 
!   the odds of CHD among men with arcus to the odds among men without arcus
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Example: dependence of CHD risk (P) on the binary predictor arcus in WCGS (continued)

• output with coef  option - reports coefÞcients and 95% CIs

. logistic chd69 arcus, coef
Logistic regression                               Number of obs   =       3152
                                                  LR chi2(1)      =      12.98
                                                  Prob > chi2     =     0.0003
Log likelihood = -879.10783                       Pseudo R2       =     0.0073
------------------------------------------------------------------------------
       chd69 |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       arcus |   .4918141   .1342299     3.66   0.000     .2287283    .7548999
       _cons |  -2.599052   .0837965   -31.02   0.000     -2.76329   -2.434814
------------------------------------------------------------------------------
!
! "0 = -2.599052 , the log odds of CHD among individuals with arcus = 0

! "1 = 0.4918141, the log odds ratio comparing the odds CHD among individuals with 
!  arcus = 1 to the odds of CHD among individuals with arcus = 0

Logistic regression model :
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Log-odds :

Odds :!  

Probability:
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Note: the logistic model on the previous slide can be expressed in these equivalent ways

3

Note: The effect of arcus on the outcome is additive on the log odds scale, and multiplicative on 
the odds scale:

The log odds of CHD for an indiv. with arcus (arcus=1) is equal to the log odds for an indiv. 
without arcus (arcus=0) plus "1 :

The odds of CHD for an indiv. with arcus (arcus=1) is equal to the odds for an indiv. without 
arcus (arcus=0) times exp("1):
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Example: dependence of CHD risk (P) on the binary predictor arcus in WCGS (continued)

among those without arcus (arcus = 0):
! ! log-odds of CHD:  -2.599052
! ! odds of CHD:  exp(-2.599052) = 0.07434402
! ! probability of CHD: 0.07434402 / (1 + 0.07434402)  = 0.06919945

among those with arcus (arcus = 1):
! ! log-odds of CHD: -2.599052 + 0.4918141 = -2.1072379
! ! odds of CHD: exp(-2.599052 + 0.4918141) = 0.1215733 
! ! probability of CHD: 0.1215733 / (1 + 0.1215733) = 0.10839532
!
comparison of those with arcus (arcus = 1) to those without (arcus = 0):
! ! log odds ratio : (-2.1072379) - (-2.599052) = 0.4918141
! ! odds ratio : exp(0.4918141) = 1.63528
! ! 95% C.I. for odds ratio: (exp(0.2287283) , exp(0.7548999)) ; (1.26, 2.13)
                                                   (based on the 95% CI for the coefficient in the previous output)
logistic model can also be used to compute other measures of risk*: 

* note that alternate risk measures computed from the logistic model may not agree with corresponding 
   quantities computed from a regression model based on these measures.

  

!  

RR=
P(1)
P(0)

=
exp(-2.1072379) / 1+ exp(-2.1072379)[ ]
exp(-2.599052) / 1+ exp(-2.599052)[ ]

=
0.10839532
0.06919945

=1.566419

ER= P(1) " P(0) = 0.10839532 " 0.06919945 = 0.03919587
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Example: dependence of CHD risk (P) on the continuous predictor age in WCGS data

! • default output of model - reports exponentiated coefÞcients (ORs) and 95% CIs

. logistic chd69 age

Logistic regression                               Number of obs   =       3154
                                                  LR chi2(1)      =      42.89
                                                  Prob > chi2     =     0.0000
Log likelihood = -869.17806                       Pseudo R2       =     0.0241
------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         age |   1.077262   .0121756     6.58   0.000      1.05366    1.101392
------------------------------------------------------------------------------

! • output with coef  option - reports coefÞcients and 95% CIs

. logistic chd69 age, coef
Logistic regression                               Number of obs   =       3154
                                                  LR chi2(1)      =      42.89
                                                  Prob > chi2     =     0.0000
Log likelihood = -869.17806                       Pseudo R2       =     0.0241
------------------------------------------------------------------------------
       chd69 |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         age |   .0744226   .0113024     6.58   0.000     .0522703    .0965748
       _cons |  -5.939516    .549322   -10.81   0.000    -7.016167   -4.862865
------------------------------------------------------------------------------
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! ¥ -5.939516 is the log odds of CHD among individuals with age = 0
! ¥ 0.0744226 is the log odds ratio comparing the odds CHD among individuals with age = x+1
!   to the odds CHD among individuals with age = x

risk associated with a fixed age (age = 55):
log-odds  of CHD: -5.939516 + 0.0744226 X 55 = -1.846273
odds  of CHD: exp(-1.846273) = 0.15782428 
probability  of CHD: 0.15782428 / (1 + 0.15782428) = 0.13631108

risk associated with a one year increase in age:
log odds ratio  : (-5.939516 + 0.0744226*56) - (-5.939516 + 0.0744226*55) = 0.0744226
! ! note: log odds ratio does not depend on age
odds ratio  : exp(0.0744226) = 1.077262
95% C.I. for odds ratio : (exp(0.0522703) , exp(0.0965748)) ; (1.05, 1.10)

risk associated with a ten year increase in age:
log odds ratio  : (-5.939516 + 0.0744226*60) - (-5.939516 + 0.0744226*50) = 
                           10 X 0.0744226= 0.744226
odds ratio  :  exp(0.744226) = 2.1048117
95% C.I. for odds ratio : (exp(10 X 0.0522703) , exp(10 X 0.0965748)) ; (1.69, 2.63)
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Example: dependence of CHD risk (P) on the age (continued)
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Using Stata to estimate OR assoc. with a ten-year increase in age:

. gen age10 = age/10

. logistic chd69 age10
Logistic regression                               Number of obs   =       3154
                                                  LR chi2(1)      =      42.89
                                                  Prob > chi2     =     0.0000
Log likelihood = -869.17806                       Pseudo R2       =     0.0241

------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       age10 |   2.104811    .237894     6.58   0.000      1.68658    2.626753
------------------------------------------------------------------------------

Or, using lincom and the model fit on the original scale:

. quietly logistic chd69 age

. lincom 10*age

 ( 1)  10 age = 0

------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         (1) |   2.104811    .237894     6.58   0.000      1.68658    2.626753
------------------------------------------------------------------------------

Example: dependence of CHD risk (P) on the age (continued)
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Logistic models with multiple predictors

! •  additional predictor variables can be included in a logistic regression model in exactly the 
!     same fashion as in linear regression models 

Example (two binary predictors): relationship between CHD, type A/B behavior pattern
                                                   and smoking (yes/no) in WCGS

Research question: Could other factors (e.g. behaviors or factors reflecting "lifestyle") explain part  
(or all) of the association between CHD and type A behavior pattern? 
(The created variable smoke is a binary indicator of any reported smoking):

. logistic chd69 dibpat smoke
Logistic regression                               Number of obs   =       3154
                                                  LR chi2(2)      =      60.51
                                                  Prob > chi2     =     0.0000
Log likelihood = -860.36587                       Pseudo R2       =     0.0340
------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
      dibpat |   2.301319   .3238066     5.92   0.000     1.746661     3.03211
       smoke |     1.8002   .2422852     4.37   0.000       1.3828    2.343593
------------------------------------------------------------------------------

Interpretation:
! •  The adjusted odds ratio of 2.3 for type A behavior holds for smokers and non-smokers alike.
! •  Similarly, the adjusted odds ratio of 1.8 for smokers holds for type A & B behavior patterns.
! •  Note that the unadjusted odds ratio for dibpat is 2.373
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. logistic chd69 dibpat smoke, coef
Logistic regression                               Number of obs   =       3154
                                                  LR chi2(2)      =      60.51
                                                  Prob > chi2     =     0.0000
Log likelihood = -860.36587                       Pseudo R2       =     0.0340
------------------------------------------------------------------------------
       chd69 |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
      dibpat |   .8334823   .1407048     5.92   0.000     .5577059    1.109259
       smoke |   .5878977    .134588     4.37   0.000     .3241102    .8516853
       _cons |  -3.234864   .1393129   -23.22   0.000    -3.507912   -2.961816
------------------------------------------------------------------------------

Model for behavior pattern and smoking in WCGS (continued)

  

!  

log
P(dibpat,smoke)

1" P(dibpat,smoke)

# 

$ 
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& 

'  
( = " 3.234864+ 0.8334823dibpat+ 0.5878977smoke

! •  0.833 is the log-odds ratio comparing odds of CHD among individuals with dibpat=1 to   
!   odds of CHD among individuals with dibpat=0, holding smoke fixed

! •  0.588 is the log-odds ratio comparing odds of CHD among individuals with smoke=1 to  
!   odds of CHD among individuals with  smoke=0 , holding dibpat fixed

! •  -3.235 gives the log-odds of CHD among individuals with dibpat=0  &  smoke=0 
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Logistic models with multiple continuous predictors

Example: model relating CHD risk with systolic blood pressure and total serum 
                 cholesterol in the WCGS cohort

Research question: are cholesterol and systolic blood pressure (SBP) independently 
! !                     predictive of CHD risk?

Fit logistic model

. logistic chd69 chol sbp
Logistic regression                               Number of obs   =       3142
                                                  LR chi2(2)      =     115.12
                                                  Prob > chi2     =     0.0000
Log likelihood = -832.04193                       Pseudo R2       =     0.0647

------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
        chol |    1.01181   .0014858     8.00   0.000     1.008902    1.014726
         sbp |    1.02475   .0039102     6.41   0.000     1.017115    1.032443
------------------------------------------------------------------------------

Notes:
! •  Excludes 12 observations with missing chol and 1 obs. with chol > 600:
! •  Assumption of linearity for both chol and sbp must be checked before model
           is accepted as reasonable 
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Logistic model for SBP and cholesterol level in WCGS (continued)

. logistic chd69 chol sbp, coef

Logistic regression                               Number of obs   =       3142
                                                  LR chi2(2)      =     115.12
                                                  Prob > chi2     =     0.0000
Log likelihood = -832.04193                       Pseudo R2       =     0.0647
------------------------------------------------------------------------------
       chd69 |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
        chol |   .0117406   .0014685     8.00   0.000     .0088625    .0146188
         sbp |   .0244489   .0038158     6.41   0.000     .0169701    .0319277
       _cons |  -8.406476   .6141613   -13.69   0.000     -9.61021   -7.202742
------------------------------------------------------------------------------
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log
P(chol,sbp)
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( = " 8.406476+ 0.0117406chol+ 0.244489sbp

! •  0.0117406 is the log-odds ratio for each unit increase in chol holding sbp fixed  

! •  0.0244489 gives the log-odds ratio for each unit increase in sbp holding chol fixed

! •  -8.406476 gives the log-odds of CHD among indiv. with chol=0  &  sbp=0 
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• The logistic model specifies that 
! - the log-odds of CHD is linear in cholesterol for any specified value of SBP
! - the log-odds of CHD is linear in SBP for any specified value of cholesterol

Logistic model for SBP and cholesterol level in WCGS (continued)
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Example:  Relationship between hypertension and exercise in HERS subsample

Goal:  investigate exercise as a predictor of the probability of occurrence 
           of hypertension at study baseline

•  Hypertension measured as a binary indicator of enrollment (SBP>140)

•  Exercise represented as a binary indicator of exercise "  3 times / week in the year 
    before enrollment

•  Evaluate the roles of other predictors as potential confounding (or mediating) variables

•  Look for potential interactions with other predictors

HERS study

•  Phase III randomized trial of Estrogen + Progestin for prevention of coronary 
heart disease (CHD) events in postmenopausal women (Hulley S, et al; JAMA , 1998) 

•  2763 women with existing CHD, ages 46 - 79,  followed for an average 4.1 yrs

•  Considered here: subset of 1055 women in the placebo arm without diabetes 
at enrollment
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Logistic Model for Hypertension & Exercise
. logistic hypt exer3

Logistic regression                               Number of obs   =       1055
                                                  LR chi2(1)      =      10.12
                                                  Prob > chi2     =     0.0015
Log likelihood = -667.38065                       Pseudo R2       =     0.0075
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       exer3 |   .6526043   .0882528    -3.16   0.002     .5006573    .8506665
------------------------------------------------------------------------------

• The odds of having hypertension among women reporting regular exercise 
are ~ 35% smaller than corresponding odds for women not reporting regular 
exercise

• The 95% confidence interval for the true odds ratio for exercise (and the Wald 
test for the hypothesis that the true regression coefficient for exercise is zero) 
indicates a significant association

Example:  Relationship between hypertension and exercise in HERS (cont.)
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Question: Could some or all of the apparent association between hypertension 
                  and exercise be explained by controlling for these variables?

• Additional variables from HERS that may be relevant predictors include

! - demographic (age, body size, education)
! - health (cholesterol, glucose)
! - lifestyle (smoking, alcohol, diet, medications)

Example:  Relationship between hypertension and exercise in HERS (cont.)
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Logistic model for hypertension & exercise, controlling for additional predictors 

. logistic hypt i.exer3 i.edu i.csmker i.ifg agec hdllc bmic

Logistic regression                               Number of obs   =       1049
                                                  LR chi2(7)      =      61.78
                                                  Prob > chi2     =     0.0000
Log likelihood = -638.42029                       Pseudo R2       =     0.0462
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
     1.exer3 |   .7341804   .1068441    -2.12   0.034     .5519869    .9765102
       1.edu |   .7023246   .0980178    -2.53   0.011     .5342475    .9232797
    1.csmker |   1.290754   .2605357     1.26   0.206     .8690213    1.917152
       1.ifg |   1.829413   .4537649     2.44   0.015     1.125074    2.974696
        agec |   1.059864   .0114801     5.37   0.000       1.0376    1.082605
       hdllc |   1.011162   .0051643     2.17   0.030     1.001091    1.021335
        bmic |   1.043768   .0142546     3.14   0.002       1.0162    1.072083
------------------------------------------------------------------------------

agec (in years at enrollment, centered)     bmic (body mass index (kg/m2), centered) 
edu (>12 yrs education)               csmker (smoker at enrollment)
hdllc (HDL cholesterol mg/dl, centered)   ifg (impaired fasting glucose)

Example:  Relationship between hypertension and exercise in HERS (cont.)
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The adjusted odds ratio for the effect of exercise in the model including the other predictors is 
closer to the null value (one) than the unadjusted OR:

The adjusted odds ratio 0.734 for the effect of exercise is interpreted as conditional on fixed 
values for the other included predictors. Unlike what we saw for linear regression (lecture 5), it 
is not necessarily the same as the Average Causal Effect (ACE) for exercise in this model.

The ACE can be obtained by using the logistic model above followed by the margins 
command to estimate the probabilities of having hypertension among those that excercise " 3 
time per week (exer=1) and those that exercise <3 time per week (exer=0).

Note that the ACE can be interpreted as a valid causal effect only if the usual assumptions are 
met:

- sample representative of target population
- no unmeasured confounders
- correctly specified model

!                      OR         95% CI         p-value (Wald)
! unadjusted    0.653    0.50, 0.85      0.002
! adjusted        0.734    0.55, 0.98      0.034

Example:  Relationship between hypertension and exercise in HERS (cont.)
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Estimating the Average Causal Effect (ACE) of exercise (Stata 11 only)

* Note: margins requires the “i.” syntax for the primary predictor in the
* preceding logistic model

. margins exer3, post

Predictive margins                                Number of obs   =       1049
Model VCE    : OIM
Expression   : Pr(hypt), predict()
------------------------------------------------------------------------------
             |            Delta-method
             |     Margin   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       exer3 |
          0  |   .3617272   .0191864    18.85   0.000     .3241226    .3993318
          1  |    .296985   .0224025    13.26   0.000     .2530769    .3408932
------------------------------------------------------------------------------

The ACE expressed in terms of an odds ratio:

. nlcom (_b[1.exer3]/(1-_b[1.exer3])) / (_b[0.exer3]/(1-_b[0.exer3])) 

       _nl_1:  (_b[1.exer3]/(1-_b[1.exer3])) / (_b[0.exer3]/(01-_b[0.exer3]))
------------------------------------------------------------------------------
             |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       _nl_1 |   .7454099    .1036367     7.19   0.000     .5422857    .9485342
------------------------------------------------------------------------------

Example:  Relationship between hypertension and exercise in HERS (cont.)
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The ACE expressed in terms of a relative risk:

. nlcom (_b[1.exer3] / _b[0.exer3])

       _nl_1:  _b[1.exer3] / _b[0.exer3]
------------------------------------------------------------------------------
             |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       _nl_1 |   .8210194    .0775088    10.59   0.000     .6691048    .9729339
------------------------------------------------------------------------------

Example:  Relationship between hypertension and exercise in HERS (cont.)
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•  Conditions for BMI to be a confounder of the the exercise - hypertension relationship appear 
to be met
 
• Observed difference between adjusted and unadjusted coefficients for exercise 
  (0.734, 0.653) implies some degree of confounding may be operating. This is further 
reinforced by the ACE estimate.

•  Note that if BMI was a mediator of this relationship, the adjusted or ACE of exercise might 
not be of interest
    (see section 4.5.3 of textbook for further discussion of this issue)

Example:  Relationship between hypertension and exercise in HERS (cont.)

Summary:

!                      OR         95% CI      
! unadjusted   0.653    0.50, 0.85 
! adjusted       0.734    0.55, 0.98
       ACE (OR)     0.745    0.54, 0.95
       ACE (RR)     0.821    0.67, 0.97
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Evaluating interaction using logistic regression models

Interaction between two predictors: the magnitude of the association of each 
predictor with the outcome, as measured by its regression coefficient, varies 
according to the value of the other predictor. 

! • As in linear regression, interaction between two predictors is 
!   evaluated via incorporation of a constructed variable defined as the product
!   of the two predictors into the model including both predictors

! • If the coefficient (odds ratio) of the included product variable is significantly 
         different than zero (one), we conclude that interaction is present
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Interpreting two-way interaction between two binary predictors

Example: interaction between binary indicator of impaired fasting glucose (IFG) and BMI in HERS

! • Additional analyses of the previous HERS example revealed an interaction between 
         IFG and BMI

! • We will explore this further here, focusing only on key variables (to simplify interpretation)
          and initially considering a binary indicator of high vs. low values of BMI

! • Note that treating BMI and glucose levels as continuous variables may be more appropriate
         in practice. The binary representation here is useful for exploratory analysis and for
         illustration.

hypertensionBMI

IFG
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Interpreting two-way interaction between two binary predictors

Example: interaction between binary indicators of IFG and BMI " 35 in HERS
. * create binary indicator of BMI greater than or equal to 35
. gen bmihi = bmi
. recode bmihi min/34.9999=0 35/max=1
. * construct new variable as the product between IFG and BMI binary indicators
. gen ifgbmi = ifg*bmihi
. logistic hypt ifg bmihi ifgbmi

Logistic regression                               Number of obs   =       1055
                                                  LR chi2(3)      =      16.06
                                                  Prob > chi2     =     0.0011
Log likelihood = -664.41499                       Pseudo R2       =     0.0119
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         ifg |   2.603175   .7056691     3.53   0.000     1.530239    4.428404
       bmihi |   1.671196    .393736     2.18   0.029     1.053133    2.651988
      ifgbmi |   .2163763   .1301662    -2.54   0.011     .0665503    .7035091
------------------------------------------------------------------------------
• Note:  confidence interval for ifgbmi excludes 1, implying that we have evidence that an 
interaction between ifg and bmihi exists. (i.e. the effects of ifg depend on bmihi and vice 
versa.)

• Interpretation of Z (Wald) test statistic for testing the null hypothesis of no interaction 
   (H: β3=0):  Z = -1.530736/0.6015732 = -2.54 (see coefficients on following page). 
   Referring to the standard normal distribution,  the probability of a more extreme value of Z 
   under the (two-sided) null hypothesis is 0.011.
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Example: interaction between IFG & BMI in HERS (continued)

Coefficient form of the model: 

.  logistic hypt ifg bmihi ifgbmi, coef
Logistic regression                               Number of obs   =       1055
                                                  LR chi2(3)      =      16.06
                                                  Prob > chi2     =     0.0011
Log likelihood = -664.41499                       Pseudo R2       =     0.0119
------------------------------------------------------------------------------
        hypt |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         ifg |   .9567317   .2710802     3.53   0.000     .4254242    1.488039
       bmihi |   .5135393   .2356014     2.18   0.029     .0517691    .9753095
      ifgbmi |  -1.530736   .6015732    -2.54   0.011    -2.709798   -.3516745
       _cons |  -.7868327   .0720933   -10.91   0.000    -.9281329   -.6455324
------------------------------------------------------------------------------
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Example: interaction between IFG & BMI in HERS (continued)

“Automatic” fitting procedure using ”i.” with logistic to generate necessary indicators:

. logistic hypt i.ifg##i.bmihi, coef

Logistic regression                               Number of obs   =       1055
                                                  LR chi2(3)      =      16.06
                                                  Prob > chi2     =     0.0011
Log likelihood = -664.41499                       Pseudo R2       =     0.0119
------------------------------------------------------------------------------
        hypt |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
       1.ifg |   .9567317   .2710802     3.53   0.000     .4254242    1.488039
     1.bmihi |   .5135393   .2356014     2.18   0.029     .0517691    .9753095
   ifg#bmihi |
        1 1  |  -1.530736   .6015732    -2.54   0.011    -2.709798   -.3516745
       _cons |  -.7868327   .0720933   -10.91   0.000    -.9281329   -.6455324
------------------------------------------------------------------------------
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Evaluating interaction using logistic regression models

!
! • Note: logistic regression models including interactions are very easy to fit,
          but the default output does not provide the odds ratios for all subgroups of
          interest.

! • Obtaining component odds ratios from logistic models with interactions
          generally involves some additional calculation

! • The procedure is the same as that used for linear regression models

Example: interaction between IFG & BMI in HERS (cont.)
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Example: interaction between IFG & BMI in HERS (continued)

Logistic model equation (log-odds form):

Calculation of component log-odds ratios for IFG - BMI  interaction:

  

!  

log
P(ifg,bmihi,ifg " bmihi)
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IFG BMIHI _cons !0 ifg !1 bmihi !2 ifgbmihi !3

No Yes 1 0 1 0

No No 1 0 0 0

Diff 0 0 1 0

IFG BMIHI _cons !0 ifg !1 bmihi !2 ifgbmihi !3

Yes Yes 1 1 1 1

Yes No 1 1 0 0

Diff 0 0 1 1

IFG BMIHI _cons !0 ifg !1 bmihi !2 ifgbmihi !3

Yes No 1 1 0 0

No No 1 0 0 0

Diff 0 1 0 0

IFG BMIHI _cons !0 ifg !1 bmihi !2 ifgbmihi !3

Yes Yes 1 1 1 1

No Yes 1 0 1 0

Diff 0 1 0 1

Example: interaction between IFG & BMI in HERS (continued)

!1 + !3

!2

!1

!2 + !3
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Example: interaction between IFG & BMI in HERS (continued)

Calculation of corresponding odds ratios for IFG - BMI interaction 
(using results from previous page):
                                 
 odds ratio ! ! ! groups compared                                                          
exp("1) =  2.60! ! IFG vs non-IFG among individuals w. BMI < 35
exp("2) = 1.67!        BMI "  35  vs. BMI < 35 among individuals without IFG
exp("1+"3) = 0.56!! IFG vs no IFG among individuals w. BMI "  35
exp("2+"3) = 0.36!! BMI "  35  vs. BMI < 35 among individuals with IFG
exp("1+"2+"3) = 0.94! IFG and BMI "  35  vs. no IFG and BMI < 35

Note: this table illustrates that component odds ratios for the interaction can also be 
          obtained by multiplication of the odds ratios in the initial regression output

         e.g. for third odds ratio above:   
                           exp("1+"3) = exp("1)#exp("3) = 2.603175 # 0.2163763 = 0.56
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Example: interaction between IFG & BMI in HERS (continued)
Calculating odds ratios and 95% confidence intervals for interactions in Stata :
After fitting the model using logistic (see above), the lincom command allows estimation 
of selected combinations of coefficients from the model. Estimates exponentiated by default.

. lincom ifg    $1  
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         (1) |   2.603175   .7056691     3.53   0.000     1.530239    4.428404
------------------------------------------------------------------------------
. lincom bmihi  $2
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         (1) |   1.671196    .393736     2.18   0.029     1.053133    2.651988
------------------------------------------------------------------------------
. lincom ifg + ifgbmi   $1 + $3
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         (1) |   .5632653   .3024928    -1.07   0.285     .1966023    1.613754
------------------------------------------------------------------------------
. lincom bmihi + ifgbmi $2 + $3
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         (1) |   .3616071   .2001561    -1.84   0.066     .1222029    1.070021
------------------------------------------------------------------------------
. lincom ifg + bmihi + ifgbmi   "1 + "2  + "3
------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         (1) |   .9413265   .4643066    -0.12   0.902     .3580038    2.475101
------------------------------------------------------------------------------
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Example: interaction between IFG & BMI in HERS (continued)

IFG - BMI interaction using BMI as a continuous predictor:

. * generate product of BMI and IFG

. gen ifg_bmi = ifg*bmi

. logistic hypt ifg bmi ifg_bmi, coef

Logistic regression                               Number of obs   =       1055
                                                  LR chi2(3)      =      18.63
                                                  Prob > chi2     =     0.0003
Log likelihood = -663.13002                       Pseudo R2       =     0.0138
------------------------------------------------------------------------------
        hypt |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         ifg |   3.007846   1.231381     2.44   0.015     .5943835    5.421309
         bmi |   .0419477   .0134608     3.12   0.002     .0155649    .0683304
     ifg_bmi |  -.0793442   .0389271    -2.04   0.042    -.1556398   -.0030485
       _cons |  -1.905428   .3820023    -4.99   0.000    -2.654139   -1.156717
------------------------------------------------------------------------------

• Model defines two separate linear relationships between the log odds of hypertension and BMI, 
  one for each of the two levels of IFG (Note: linearity should be checked before model is accepted!):

  

! 

log P(ifg = 0,bmi,0 "bmi)
1# P(ifg = 0,bmi,0 "bmi)
$ 

% 
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' 

( 
) = #1.905+ 0.042bmi

log P(ifg =1,bmi,1"bmi)
1# P(ifg =1,bmi,1"bmi)
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% 
& 

' 

( 
) = (#1.905 # 3.007)+ (0.042 # 0.079)bmi =1.102 # 0.037bmi
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Example: interaction between IFG & BMI in HERS (continued)

Plot of IFG - BMI interaction using BMI as a continuous predictor:
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Example: interaction between IFG & BMI in HERS (continued)

• For fixed levels of BMI, log odds ratio for IFG depends on BMI:

• For BMI = 20:

. lincom ifg + 20*ifg_bmi

 ( 1)  [hypt]ifg + 20*[hypt]ifg_bmi = 0

------------------------------------------------------------------------------
        hypt | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
         (1) |   4.141106   2.037875     2.89   0.004     1.578456    10.86426
------------------------------------------------------------------------------
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Notes on interaction in logistic models:
 !
 • When interaction is present, adjusted (summary) odds ratio estimates and associated 
   confidence intervals are not of interest; the effect of each predictor involved in the interaction
   must be summarized for fixed levels of the other predictor involved
!
 • Power to detect interactions can be low in observational studies unless sample sizes are 
   quite large

 • Selective investigation of interactions for key risk factors (guided by research questions) is   
   generally preferred to systematic checking for all possible interactions 

 • Detection and interpretation of interactions is model-dependent in the binary outcome setting
  ! -  interactions detected on the log odds scales may not be present when data are analyzed 
          using an alternate binary regression model (e.g. models based on the log or probability
          scales)
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Example: contribution of behavior pattern to predicting CHD risk

Goal: use the likelihood ratio test to assess the contribution of behavior pattern to a model already 
controlling for age, chol, sbp, bmi and smoke.

! • The lrtest procedure in Stata is used to compare likelihoods from nested models

! • First, the full model (including predictor(s) to be evaluated is fitted.
    

• Next, the likelihood from this model is saved in a temporary location (”A”) for further reference   
  (note that the name “A” is arbitrary)

! • The nested model excluding the predictor(s) to be evaluated is fitted.

! • The likelihood ratio test is then performed using the lrtest command and referencing the 
          location of the likelihood from the full model.

Likelihood Ratio Testing
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. logistic chd69 age_10 chol_50 sbp_50 bmi_10 smoke i.behpat

Logistic regression                               Number of obs   =       3141
                                                  LR chi2(8)      =     184.57
                                                  Prob > chi2     =     0.0000
Log likelihood =    -794.81                       Pseudo R2       =     0.1040
------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
      age_10 |    1.83375   .2198681     5.06   0.000     1.449707    2.319529
     chol_50 |   1.704097   .1301391     6.98   0.000     1.467201    1.979243
      sbp_50 |   2.463505   .5086518     4.37   0.000     1.643621    3.692369
      bmi_10 |   1.739414    .462034     2.08   0.037     1.033479    2.927551
       smoke |   1.830672   .2583097     4.29   0.000      1.38837    2.413882
             |
      behpat |
          2  |   1.068257   .2363271     0.30   0.765     .6924157    1.648103
          3  |   .5141593   .1245593    -2.75   0.006     .3198064    .8266243
          4  |    .572071   .1826116    -1.75   0.080     .3060107    1.069457
------------------------------------------------------------------------------

Save the log-likelihood in the temporary variable “A”:

. estimates store A

! * Note : the variables age_10, chol_50, sbp_50, bmi_10 represent centered and scaled 
          versions of the originals, and result in more interpretable odds ratio estimates.

Fit the full model* including behpat: 
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• Next, the desired “nested” model excluding predictor(s) of interest is fit, and compared to the 
   previous model using the  lrtest command:

. logistic chd69 age_10 chol_50 sbp_50 bmi_10 smoke 

Logistic regression                               Number of obs   =       3141
                                                  LR chi2(5)      =     159.80
                                                  Prob > chi2     =     0.0000
Log likelihood = -807.19249                       Pseudo R2       =     0.0901

------------------------------------------------------------------------------
       chd69 | Odds Ratio   Std. Err.      z    P>|z|     [95% Conf. Interval]
-------------+----------------------------------------------------------------
      age_10 |   1.904989   .2268333     5.41   0.000     1.508471    2.405735
     chol_50 |   1.710974   .1297977     7.08   0.000     1.474584    1.985259
      sbp_50 |   2.623972   .5367142     4.72   0.000     1.757326    3.918016
      bmi_10 |   1.775994   .4680612     2.18   0.029     1.059518    2.976972
       smoke |   1.886037   .2643914     4.53   0.000     1.432933    2.482417
------------------------------------------------------------------------------

. lrtest A

Likelihood-ratio test                                  LR chi2(3)  =     24.76
(Assumption: . nested in A)                            Prob > chi2 =    0.0000
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Summary:  Stata procedure for likelihood ratio testing in nested models:

! 1. Fit the full model including all the variable(s) of interest

! 2. Issue the estimates command, using the store option to save results of the current
!     model in a location labeled by the results with a name (e.g. estimates store A)

! 3. Fit the nested model excluding the variable(s) of interest

! 4. Issue the lrtest command, identifying the results of the full model
           fit in step 1 by passing the name specified in step 2
           (e.g.  lrtest A)

The lrtest procedure computes the likelihood ratio comparing the two models, and refers the 
results to the chi-squared distribution with degrees of freedom equal to the difference in number 
of degrees of freedom in the two fitted models. The results of the test evaluate the null 
hypothesis that the true values of coefficients from the additional variables in the full model are 
all zero. 

Note: for the LR test to make sense, models being compared should be based on exactly the 
same set of observations.
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! ! ! Likelihood ratio testing in logistic regression models

! • the likelihood/log-likelihood always increases as variables are added to an existing model
  
! • like the F test for linear regression models, the likelihood ratio (LR) test is used to 
         compare two nested models

! • the LR statistic comparing two nested models is computed as twice the 
            difference between the log-likelihoods:
 

        
! • the LR statistic is approximately chi-squared distributed, with degrees of freedom equal 
            to the difference in number of predictors between nested models

! • likelihood ratio tests for evaluating contribution of predictors have better reliability 
!   than Wald tests, especially for smaller samples

!  

2 " log# likelihood frommore complex model( ) # log # likelihood from simpler model( )[ ] =

2 " log likelihood frommore complex model
likelihood from simpler model

$ 

% 
& 

'  

( 
) = LR

Note: testparm applied to the full model performs a Wald test:
. testparm i(2/4).behpat

 ( 1)  [chd69]2.behpat = 0
 ( 2)  [chd69]3.behpat = 0
 ( 3)  [chd69]4.behpat = 0

           chi2(  3) =   23.47
         Prob > chi2 =    0.0000
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