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SUMMARY

This study presents constrained maximum likelihood derivations of the design parameters of
noninferiority trials for binary outcomes with the margin defined on the odds ratio (¢) or risk
difference () scale. The derivations show that, for trials in which the group-specific response
rates are equal under the point-alternative hypothesis, the common response rate, 7V, is a fixed
design parameter whose value lies between the control and experimental rates hypothesized at the
point-null, {7c,7x}. We show that setting 77V equal to the value of 7 that holds under Hy
underestimates the overall sample size requirement. Given {7¢, 1} or {m¢, 0} and the type I
and II error rates, or algorithm finds clinically meaningful design values of 7V, and the
corresponding minimum asymptotic sample size, N = ng + n¢, and optimal allocation ratio,
v =ng/nc. We find that optimal allocations are increasingly imbalanced as 1) increases, with
7y < 1 and v5 = 1/7v,, and that ranges of allocation ratios map to the minimum sample size. The
latter characteristic allows trialists to consider trade-offs between optimal allocation at a smaller
N and a preferred allocation at a larger N. For designs with relatively large margins (e.g.,
1 > 2.5), trial results that are presented on both scales will differ in power, with more power lost
if the study is designed on the risk difference scale and reported on the odds ratio scale than vice
versa.
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1 INTRODUCTION

A search of the PubMed database conducted on Midsummer’s Day 2009, using criteria “New Engl
J Med [JO] AND noninferiority,” provided insights into how the noninferiority trial design is
being applied in medical studies. The search identified 32 papers, published 2001-2009, each
describing a distinct randomized controlled trial. Only one trial studied a continuous primary
outcome [1], 13 studied time-to-event outcomes [2-14], and 21 studied binary outcomes [12-32],
demonstrating the relative importance of these outcomes in medical clinical trials. The designs of
the 21 trials with binary outcomes can be characterized as follows.
e Seventeen trials expressed the noninferiority margin as a risk difference, two as odds ratios
[13,15], and two as a relative risks [16,17] — apparently reflecting trialists’ preferences. All
trial designs specified equivalent experimental (E) and control (C') response rates under the

alternative hypothesis, H4.

e Extreme response rates were more common than moderate response rates. Six papers
seemed to specify a rate assuming equality of the experimental and control groups [12,15,
18-21]; seven seemed to specify the control group response rate, w¢, assuming inequality
[14,15,17,21-25]; and ten did not cite a design rate — in these cases we used the empirical
estimate of ¢~ from the paper’s Results section to classify extremity of the rate. Based on
this mixture of definitions, the “response rate,” 7, was within .10 of either 0 or 1 for eight

trials (38%), within .20 for 13 trials (62%), and within .30 for 18 trials (86%).

e All trials appeared to rely on the normal approximation to the binomial distribution to
generate the overall sample size, N = n¢c + ng, since none indicated use of an exact
distribution. This assumption was generally reasonable as only three “expected values,”

N, fell below 30 {N=183, 7=.06 [20]; N=340, 7=.06 [26]; N=667, 7=.012 [27]}.

e Although imbalanced allocation can reduce the sample size requirement of noninferiority
trials, this advantage was rarely employed; only two trials used imbalanced allocation to

groups [12,27].

Several authors have discussed imbalanced allocation ratios as optimal for noninferiority trials

[33-35]. Among these, De Boo and Zielhuis [33] studied designs with .01 < 7w < .10, focusing on



failure rates. Their results show that designs based on the risk difference call for allocating more
patients to the experimental group (ng > nc) whereas those based on the relative risk call for the
opposite (ng < n¢). They provided precise sample sizes for combinations of m¢ and noninferiority
margins. Considering that randomized trials often achieve the target sample size only
approximately — due to over-running, loss to follow-up, or use of the per-protocol rather than the
intent-to-treat sample — we examined how important it is to precisely achieve a target allocation
ratio.

The current study examines designs of noninferiority trials for binary outcomes with two

N under the alternative

objectives: (i) to clarify the role of the common response rate,
hypothesis that the experimental and control rates are equal, and to offer strategies for specifying
its value, and (ii) to explore the relationship between the scale of the noninferiority margin — we
consider risk differences and odds ratios — and the overall sample size, allocation ratio, and power.
We examine the setting where ng and no patients are randomly allocated to experimental and
control therapies, respectively, in the ratio v = ng/ne, and the numbers of responders are
binomially distributed, yg ~ Bi(ng,7g) and yo ~ Bi(nc,m¢). Under the point-null hypothesis,
Hy, we assume that the response rates differ by the noninferiority margin, specified by
0 =mg —7c orlogy = log(ng/(1 —7g)) — log(nc /(1 — m¢)). Maximum likelihood (ML)
estimates of these parameter values are given by § = #g — 7o and logl/AJ =
log[tr/(1 — 7g)] —log[®c/(1 — 7ic)], respectively, where 7; = y;/n;, j = C, E, estimate the
response rates. Under the point-alternative hypothesis of equal response rates, we denote the
common response rate by 7. As illustrated in this paragraph, in this paper we use m¢ to refer to
the value of the control-group response rate when it doesn’t equal 7g (i.e., under Hy; typically
derived from subject-matter literature) and 7'V to refer to its value when these parameters are
assumed to be equal (i.e., under H4). In contrast, under H4, DeBoo and Zielhuis [33] denote the
common value by m¢ and Farrington and Manning [34] and Miettinen and Nurminen [36] provide
the values of both m¢ and mg to show they are equal.

To further set the stage for the current study, we examine Shiffman et al [15] more closely.
This noninferiority trial hypothesized that short-term therapy (16 weeks; experimental arm) and
long-term therapy (24 weeks; control arm) for hepatitis C virus (HCV) infections have similar

efficacy, as measured by rates of undetectable HCV RNA 24 weeks after the end of therapy [15].



To design the trial, values of the control group success rate and the noninferiority margin on the

risk difference scale were specified; the authors then converted ¢ to v for sample size calculation.

They planned to enroll 700 patients per group in order to have 80% power using a two-sided 95%
confidence interval on the odds ratio. In Section 4.3, we will discuss the authors’ choice of

N as a design parameter; and whether one can

balanced allocation, v = 1; their use of w¢ versus 7
base the design on one scale of the noninferiority margin and inferences on the other scale without
loss of power (this was not done by Shiffman et al [15] but was done by others).

In Section 2 we present the noninferiority hypotheses more formally and present the equation
for asymptotic sample size calculation that we will use. In Section 3, we use maximum likelihood
derivations to show that 7%V is a fixed design parameter for noninferiority trials that assume equal
response rates under H 4, and that its value does not equal m¢. In addition, we show that the
expression for the optimal allocation ratio depends on the values of the design parameters and
differs according to the scale of the noninferiority margin, for § and log. Because 7% is
unknown at the design stage of a trial, in Section 4 we propose an approach to specifying its value
and we present an algorithm for finding 7%, N and v. We apply these methods to the design of

Shiffman et al [15], and then to a wide range of design parameters. We conclude in Section 5 with

a summary of these findings.

2 NONINFERIORITY TRIAL DESIGN

2.1  The hypotheses and the noninferiority margin

Let 0 and log vy be members of a family of parameters, 6, that contrast two groups’ response
rates; hence, 0 represents § and log 1) more generally. Let 6y and 64 be the values of 8 at the
point-null and point-alternative hypotheses. Here, we restrict attention to 64 = 0 (that is, to
equality of response rates) as the clinically most relevant choice. The quantity 6, referred to as
the noninferiority margin, is the smallest mg:mc contrast that is believed to be consistent with
clinically acceptable inferiority (i.e., noninferiority). We define the contrasts so that 6y > 0.

The noninferiority hypotheses can be understood in terms of either within-group parameters
(here, failure rates or odds of failure) or between-group parameters (risk differences or log odds

ratios); the latter may be centered or not. When response rates represent failures, the response



rate scale illustrates our expectation under H 4 that mg < wo + 6y, as well as our assumption that
the failure rates on both active treatments are lower than the putative failure rate on placebo, mp
(Figure 1(a)). However, it is on the centered-contrast scale, § — 0, that sample size and power are
calculated and the hypothesis test is conducted. On this scale, if the confidence interval on 6 — 6,
lies below 0 we conclude that E' is noninferior to C, and if it lies below 84 — 8y we conclude that

E is superior to C' (Figure 1(b)). On this scale, the hypotheses are:
Hy: 0 —60y>0versus Hy: 0 —60y <O.
<< Figure 1 about here. >>

2.2 Sample size and power formulae

The asymptotic sample size requirement corresponding with pre-specified nominal size and power
levels, a and 1 — 3, is defined to detect the centered noninferiority margin, 64 — g, using test

statistic

T(0) = v/nc(0 — 00)/50(0), (1)

where 5’0(@) is based on 7 estimated at the analysis stage under the point-null hypothesis
constraint, 7 — Tc = 6y (Miettinen and Nurminen [36]). Farrington and Manning [34] found the

asymptotic control-group sample size requirement corresponding with this test statistic to be

N N 2
{zl,a Go(0) + 215 5,4(9)}
(04— 60)? ’

ne 2

(2)

where z1_. is a critical value of the standard Normal distribution such that Pr{Z < z1_.} =,
and g (é) is a function of a large-sample approximation of ¢ estimated at the design stage under
the point-null constraint, T — Tc = 6y (see Section 3). Scaling n¢c by the allocation ratio,

v = ng/nc, yields the overall sample size,

N = round{(1 + v)nc}. (3)



Subsequently, we round n¢ and calculate np = N — ne. The power associated with the given

design is

1—B=3"[|0a — bo|v/nc — z1-a Go(0)]/5a(0)}, (4)

while the 100(1 — o/2)% confidence interval under H is 6 + zl_a/z&A(é).

Some authors reduce the numerator of equation (?7) to (21— + 21-3)74(8) [37, 38]. We

recommend equation (??) because differing values of 6(6) and 5 4(6) could substantially alter
nc. In the next section, we derive expressions for 50(é), oA (é), and g from the likelihood
function. Our derivation for § = § (see Appendix) yields sample sizes identical to those calculated
by Farrington and Manning [34] at pre-specified values of v; whereas those authors also address
the relative risk, we also address 6 = log . Roebruck and Kiithn [39] compared Farrington and
Manning’s [34] constrained maximum likelihood approach with other asymptotic methods over a
wide range of design parameters and reported excellent performance. De Boo and Zielhuis [33]

compared Farrington and Manning’s [34] approach with exact unconditional inference and

recommended the latter when “some elevation ... of the type I error is acceptable.”

3 7Y IS A FIXED DESIGN PARAMETER FOR NONINFERIORITY TRIALS

Among confusions about the noninferiority trial design is the role of 7#V. For superiority trial
designs, m¢ is a fixed design parameter; perhaps investigators are extending that role when they
specify it as a design parameter for noninferiority trials. However, the derivations in this section
and the appendix examine the theory behind the choice and show that 7%V is the appropriate

fixed design parameter for noninferiority trials when 64 = 0.

3.1  Margin parameterized by the log-odds ratio, 0 = logy

The noninferiority likelihood function under Hy is parameterized by m¢ and . In turn, the score
equation is a function of the ML estimate of the control-group response rate, 7, defined under

the null hypothesis constraint, logit(7g) — logit(7¢) — log ¥ = 0:

(yc —newc) + (yg — ne7E) =0,

where 7 = Y7c/[1 — (1 —¢)7c].



Its expectation at the point-alternative shows that the limiting value of the constrained ML
estimate, T¢ = . 1}\1711 7c, depends on three terms: 7, the common value of 7¢ and 7 under
A:N—oo

H 4; 1, the noninferiority margin; and ~y, the allocation ratio:

TFN:(l—ww) ﬁc—l—ww T, (5)

where
Tr = Y7rc/[1—(1-Y)7cl,

wy = Yp/(y+1), and

N — 7o

W= G AN

From equation (7?) and its components, one can see that {7TN , ¥} are parameter values, not
estimates, and thus they must be specified by the design. The objective, then, is to find the
solution-pair {~,7c} associated with the minimum N, which cannot be found in closed form.
Since N depends on the standard deviations, these terms also must be defined. Using the delta
method, if u = # and v = logit(#), then var[logit(#)] = [r(1 — )] 27(1 — 7)/k = [k n(1 — 7)] L.

Further, given independent groups, the limiting standard deviations of logzﬂ are [35]

A . 1 0.5
7o (1
do(log 1) {ﬁc(l—ﬁc) t ﬁE(l—ﬁE)’Yw} ’

aatond) = { it (10 )}

3.2 Margin parameterized by the risk difference, 0 = 9

By an analogous process, when the likelihood is parameterized by m¢ and 4, the score equation

gives rise to an ML estimate, 7¢, defined under the the null hypothesis constraint 75 — 7 —d = O:

Yyc —noTc | YE — NETE _0 (6)
fc(l—7c) 7p(l—7E)



The standard deviation of § at fp, can be found by taking the derivative of the score equation,

inverting its negative expectation under Hy, and taking the square root (see Appendix):
50(0) = {fo(l—7c)+7e(l—7)/1}". (7)

However, because sample size and power calculations assume that H 4 holds, equations (?7?)

and (?7?7) must be based on the limiting value of 6¢(d) at the point-alternative hypothesis (see

Appendix). This term is obtained by expressing equation (??) as a function of 7o = . li]\rfn T,
A:N—oo

which is found by taking the expectation of equation (??) at 64:

N = (1 —ws) To + ws TR, (8)
where
T = 7o +9,
= (1_ =
ws = e , forR:M, and
v+ R 7o(l — 7o)

T — o
Y5 = <4 >R-
TEp—T

As when v was the noninferiority margin, the optimal value of v — that which minimizes N —

must be found iteratively. When § is the noninferiority margin the limiting standard deviations of

6 are [39; Appendix]

50(8) = {Fo(l—7c)+7p(l—7r)/}"", 9)
0.5
Fa(d) = {WN(l — ) (1 + 1) } : (10)

Vs

Equations (??) and (??) show that one can solve for a unique value of 7¢, given {7, 6} and 7,

and that the values of T¢ used in a sample size calculation can differ between parameterizations,

6.



4 ALGORITHMS TO IDENTIFY THE OPTIMAL ~ AND MINIMUM N

Any investigator-selected value of 4 can be used in equations (??)—(??), including the balanced
case, 79 = 1. However, since sub-optimal choices yield excessive sample sizes and inadequate
power, it would be useful to know the N x = relationship at the design stage so that informed
choices could be made. We created two algorithms to find these values: The Fized-m™ Algorithm,
which assumes a known value of 7%V, and the Fized-mc Algorithm, which assumes a known value

of mc but an unknown value of 7V (see http://www.epibiostat.ucsf.edu/biostat/joan/).

4.1 Finding {N,~} assuming 7" is known: The Fized-t"" Algorithm

Given {7rN ,0,a, 1 — B}, the algorithm loops through candidate values of ¢ ranging from
max(7m™ — §,.0001) to 7V, incremented by .0001, and generates the corresponding value of v and
log ¢ = logit(7c + 0) — logit(7¢) for each; only v € (.25,4.0) are retained. Among these candidate
pairs, the optimal solutions {vy, Tc} are those associated with Ny, the minimum value of N.

N x ~ combinations studied by Farrington

Figure 2 displays the algorithm’s results for nine 7
and Manning [34] when 6 = 6, for § = .20, and {a, 1 — 3} = {.05,.90}: 7V = .10, .05, and .01 at
= 1.5, 1.0, and .67. The Fized-n™¥ Algorithm essentially confirms their results (see table). For
example, when 7V = .10 and v = 1.5, 1.0, and .67, we find N = 85, 92, and 105, while they find
N = 86, 92, and 105, respectively. However, our algorithm finds that v = 2.5 and 3.5 also yield N
= 85 and 92, respectively. Thus it reveals the nonuniqueness of the N x ~ relationship, a feature
that could be leveraged in a particular study design application. Rather than specify + a priori
and identify the corresponding N, our algorithm identifies the smallest overall sample size
requirement and the corresponding range of allocation ratios; for 77V = .10, N5 = 83 and
vs € (1.88,2.09) (i.e., ng/nc = 54/29, 55/28, 56/27). As the sawtoothed N X log~y plots of
Figure 2 suggest, slightly larger values of N lie in this same range as well. For example, N = 85 is
associated with 5 € (1.43,2.71), occurring at each value of n¢c from 35 to 23. However, because

of the concave relationship consistent with ML estimation, N = 92 is associated with two widely

disparate sets of solutions with 0.25 < v < 4.0: 5 € (0.96,1.04) and ~s € (3.38,3.84).

<< Figure 2 about here. >>



4.2  Finding {N,~} when 7V is unknown: The Fizved-mrc Algorithm

In practice, information typically is available about the control-group response rate but not about
the common response rate, 7'V. We defined the Fized-mc Algorithm to examine two approaches
that investigators are likely to use to obtain a value of 7% from the known value of 7.
Investigators might use the Midpoint Approach because of its simplicity and its familiarity in the
setting of superiority trials under balanced allocation (see [41]). Alternatively, the Tailored
Approach allows one to select 7V so that ¢ is consistent with the known value of 7¢.

The Midpoint Approach specifies the common response rate at the midpoint of the
group-specific response rates, 7V = .5(mg + m¢), where the definition of 7 is specific to 6 (see
equations (??) and (??)). Then, using the Fized-m"¥ Algorithm with design pair {z'V, 0}, it finds
solution pairs {~y, T} associated with Ny. For the setting of Figure 2, if m¢ = .05 then N =15
(not tabled). Given {7, §} = {.15,.20}, the algorithm finds N5 = 111 at {v,7c} €
{1.42,.081},...,{2.01,.070}. Note that this range of values of 7 excludes the known value,

o = .05.

The Tailored Approach solves for {N,~} at the ML solution 7 that most closely matches the
known value of w¢ (e.g., that found in the subject-matter literature). The algorithm processes a
series of designs indexed by 7. For each 7V € (n¢, mo + d) incremented by .001, it finds
solution-pairs {vp, Tc'} associated with Nyp. Among these solutions, it selects that for which the
median value of 7¢ is closest to the known parameter mo. For the setting of Figure 2, if m¢ = .05
then 7V = .115. Given {7V, §} = {.115,.20}, the algorithm finds N5 = 92 at {v,7c} €
{1.57,.055},...,{2.18,.046}. Note that this range of values of 7¢ includes the known value,

mc = .05.

4.3  Hepatitis C Virus Example.

To replicate the noninferiority trial design of Shiffman et al [15], where {«, 1 — 5} = {.025,.80}

and § = .06, we first adopt the position that, by “[we] assumed a sustained virologic response rate
of 80% in both groups,” the authors meant to design the trial with (failure rate) 7"V = .20. Using
the Fized—m" Algorithm, on the risk-difference scale we find N5 = 1,393 at v5 € (1.12,1.20) where

o € (.172,.171) (Figure 3, top-right). On the log v scale, we define ¥ = 1.456 at T = .171, the

10



median of the range of T found above. We confirm the authors’ calculation of Ny = 1,399 but
find that this occurs at v, € (.813,.876), 7¢ € (.173,.172), and §(7c) = .0603 (Figure 3, top-left).
For comparison, we adopt the position that the authors meant to design the trial “assuming a
sustained virologic response rate of 80% in the 24-week group” with 7 = .20 and we select values
of 7V via both Fized-mc Algorithm approaches outlined in Section 4.2. On the log v scale, we
calculate ¢ = 1.405 at m¢ = .20 and 6 = .06. Regardless of the contrast parameter or the
approach used to select 7V, by definition (since 7 < ©) the Fized-nc Algorithm response rates

are closer to .50 when 7 = .20 than when 7V

=.20; in turn, these drive up N and are associated
with more balanced allocation ratios (Figure 3, top table). On the log scale, the Midpoint
Approach yields a slightly smaller N than the Tailored Approach, whereas on the ¢ scale, the
opposite is true. Thus the approach used to select 7V affects N differently on the two parameter

scales of interest. Since the Midpoint definition is arbitrary and the Tailored definition is

clinically meaningful, we recommend using the latter approach only.

Whether the value of 7V is known or unknown, optimal allocation ratios on the risk-difference
scale call for more patients on the experimental arm while those on the log-odds scale call for
more patients on the control arm (Figure 3; see table). The inverse relationship of the rate-based
terms of &4 (log 1)) and G4(6) (and Fy(logt)) and Go(8)) provides insight into this. More precisely,
recall that the allocation ratio ties the location of 7% between the group-specific response rates to
the balance between the sample sizes, ng/nc, and does so differently for these two contrast

parameters. From equations (?7) and (77?), respectively,

N = (1 - wp) 7o + wp T,

where

Y/ (v + 1), if § = log 1,

Wy =

vs/(vs + R), where R = [7Tp(1 —7p)|/[Fc(l —7c)], if6=0.

For the hepatitis C virus example, one can see that wy, and ws must be similar because 7¢ and

11



N

7N are similar across parameterizations, regardless of whether 7

or m¢ is fixed (Figure 3; see
table); thus the differing values of ,, and ~s arise primarily via R > 1 for this example.
Interestingly, although no and « differ across parameterizations in this example, both
combinations yield nearly identical overall sample sizes N (equation (?7)). For other design
parameters {7, 0}, w, and w; can differ as well as R (e.g., {.05,.06} in Figure 3 (table)).

When 7V=.20, 6=.06, and 1)=1.456, despite that the optimal vy and s are nearly inverses,
swapping parameterizations between the design and analysis stages of the trial causes negligible
loss of power. Specifically, plugging all of the design values for the log-odds scale into
equation (?7?), but applying the effect size and standard deviation formulas for the risk-difference
scale, maintains 80% power. However, the reverse strategy maintains only 72% power — in part
because Nj is less than that required on the log-odds scale (Ny, = 1,399). Furthermore, when v
= .10 and .05, designs based on 1 that are analyzed on the § scale maintain 78.8% and 74.6%
power, respectively, but designs based on ¢ that are analyzed on the log scale maintain only
76.1% and 62.8% power. Side-by-side plots of N X log~y, with matching design parameters but
differing scales (Figure 3), suggest that as 7" decreases power is lost if the parameter scale is
switched between the design and the analysis because {7y, To(y)} and {vs, T (s)} diverge.
However, translating the noninferiority margin from the risk-difference to the log-odds scale within
the design process, as Shiffman et al [15] did, does not harm the study design and can enhance

understanding. (As an aside, since § > 0, we believe they inverted 1 in specifying 1) = .70.)

<< Figure 3 about here. >>

4.4  General patterns in N, v, and power

Designs based on the risk-difference scale, § = §. To expand on the example above, we
examined patterns in Ns and the median values of v and 7, as functions of design parameters

{mN 5}, when the one-sided a = .025 and power is 80%. For 7%V < .50 and ¢ < .20, 75 > 1, in

N

general, and grows more balanced as 7' nears .50 and as the noninferiority margin decreases

(Table 1.a).

Solving for ¢ at the median value of 7 shows that ¥ (7¢) (i.e., 1 defined at 7, given )

N

decreases in 7V and increases in § such that our 7V x ¢ combinations with § > 7!V yield 1 > 4

12



(Table 1.b). Further, when we calculated the power associated with a design on the risk-difference
scale but an analysis on the log-odds scale, 7/ x § combinations with ) (7¢) > 2.5 had
significantly reduced power and few expected control responses. Combinations with (7¢) > 4

had < 50% power and negligible responses in the control group (see Table 1.b).

Designs based on the log-odds scale, § = logv. Using the values of {7V, 1} from the
analysis above as design parameters (Table 1.b), we examined patterns in Ny, and the
corresponding median values of v and ¢, when the one-sided a = .025 and power is 80%. In
order to present these findings by 7V and ¢ as above, we solved for values of ¢ at the median
values of ¢ and rounded them. Generally, §(7¢) (i.e., 0 defined at 7, given ¢) is at least as large
as the corresponding J; however, at the four largest values of ¢ they are smaller (i.e., at 1) > 20;
see Table 2.b, upper rows). Two are so much smaller that the corresponding data are not entered
in Table 2.a: {Ny, vy, 7c} = {633,.28,.0008} for ¢ = 57 and = {983, .35,.0003} for ) = 130.

We found that Ny ~ Nj and vy, =~ 1/7s, in general. However, for designs with § > N,
(i) Ny > Ns, (ii) vy is less balanced than s, and (iii) the expected values in the control group are
larger on the log-odds scale, which can be attributed to v, < 1 (i.e., ng < n¢) as well as to larger
values of 7c. Clearly, significant mismatches between designs occur as § grows large relative to
7N which is when 1 grows large. Because Ny, tends to be slightly larger than N, the
consequences for power are milder if the design is based on the log-odds but the analysis is based
on the risk difference than the reverse: Even the four cases with § > 7 maintain > 65% power,

and all other cases (i.e., § < 7V) maintain 75%-80% power (Table 2.b, lower row).

5 Discussion

We present a constrained maximum likelihood derivation of the design parameters for
noninferiority trials that differs from that in previous reports but produces similar results. Our

derivation reveals that when 7V

is a design parameter for noninferiority trials (that is, when the
design assumes equal response rates under Hy), the value of 7/ under H4 does not equal the
control-group response rate under Hy, m¢; rather, 7V lies between the pair of group-specific

response rates. By analogy, for the superiority trial design, m¢ also “takes different values” under

the point-null and point-alternative hypotheses. In the superiority setting, w¢ is the fixed design

13



parameter under H 4 and 7s = (1 —w)me + wrg is estimated under Hy; in particular,
7% = 5(nc + mg) when w = .5. In both settings, the common value under equal response rates is
a weighted average of the group-specific response rates [41].

Miettenen and Nurminen [36] presented a closed-form solution to 7, from which &o(0) can be
calculated for use in equation (2). The inputs to their calculation are the margin, y; the response
rates under H 4, {m¢, g}, which, when equal, specify 7; and the design value of 7. Additional
processing of their output to identify the minimum N and the corresponding pairs {7, ¢} reveals
slightly higher minimum sample sizes and narrower ranges of solution pairs than are found by our
algorithm. This occurs because their algorithm smooths the sawtoothed N x log~ relationship
(Figure 2), such that only a single value of N corresponds with a range of values of ~.

Judging by the design information presented in 21 reports of noninferiority trials for binary
outcomes that were recently published in New England Journal of Medicine, we believe that
confusion about the study design roles of 7%V and 7¢ is common. We show that equating 7"V with
the value of m¢ anticipated under Hg substantially underestimates the sample size by locating the
design too low on the response-rate scale. Because the value of 7!V is rarely known from
preliminary data, we offer two approaches to specifying its value. We strongly recommend our
Tailored Approach, which defines 7V such that the design-stage estimate, ¢, is as close as
possible to its known value. In turn, for communication with investigators, response rates and
between-group contrasts can be plotted (Figure 1). We find it extremely useful to confirm that a
design is clinically reasonable on both the risk-difference (6 = 0) and log-odds (6 = log 1)) scales.
Our result show that, as a rough rule of thumb, the margin is excessively large when § > 7V and
results in negligible expected response counts in the control group. When an expected response
count is small, exact inference is recommended [42]. Further discussions of clinically appropriate
noninferiority margins are presented elsewhere [43-45].

Our review of published noninferiority trials shows that most trialists employ balanced
allocation to groups in the binary-outcome noninferiority setting, despite that several authors
have shown [33-35,41] and our results confirm that imbalanced allocation reduces the overall
sample size requirement, especially as 1 increases. For 1 in the range 2.5 to 3.5, which coincide
with 7% ~ §, we show that optimal allocations are vy € (1.67, 2.0) when the margin is defined on

the risk-difference scale and approximately the inverse on the log-odds scale. We found that even
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at these clinically reasonable values of the noninferiority margin, where 5 and ~y, are very
different, little power is lost if the design is conducted on the log-odds scale and the analysis on
the risk-difference scale but that the power loss can be substantial in the opposite direction.
Three papers included in our review reported treatment contrasts and their 95% confidence
intervals on two scales [12-14] — most likely assuming that both analyses have the same power.
Following the example of Shiffman et al [15], authors more comfortable with expressing the
noninferiority margin on the risk-difference scale could translate that value to the log-odds scale
at the design stage, but not between the design and analysis stages.

We found that designs based on the log-odds scale have three important advantages. First,
when 7% is known or is selected via our Tailored Approach, Ny > Ns; the larger sample size
ensures adequate power for reporting results on either this scale or the risk-difference scale.
Second, since v, < 1, the group-specific response rate — which is closer to the boundary of the
parameter space — has the larger sample size, ensuring that both groups have adequate expected
response counts (unless the margin is excessively large). Finally, noninferiority trials are typically
analyzed in the per-protocol sample, in which some benefits of randomization may have been lost.
To compensate for this, an adjusted analysis via logistic regression modeling can easily be
conducted on the log-odds scale. A disadvantage of the log-odds scale, however, is that a less than
50:50 chance of allocation to the experimental treatment could slow accrual.

Regardless of the scale of the noninferiority margin, the range of + associated with the
minimum or near minimum N can be quite wide, offering trialists deliberate and conscious choice
in the selection of an allocation ratio, once the optimal range is identified. Our algorithms obviate

the practice of choosing N at a pre-specified value of ~.

APPENDIX 1

Details of derivation applicable to 8 = §; details for 8 = 1) are analogous:

Luy(mcld) = [ —7mg)"P "F]nf (1 —mc)"C~%¢], where np = m¢ + 0

log Ly, (mcld) = zglog(nc +0)+ (ng —xg)log[l — (m¢ + 0)] + z¢ log(me) + nelog(l — me)
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0
e log Ly, (mcld) = (zg—ng mg)rc(l —7nc) + (x¢ —ne mo)ne(l — 7E)
To find the score equation (equation (?7?)), set % log Ly, (mc|6) equal to 0:
(:UE—TLE ﬁE)ﬁc(l—ﬁc)—F(xc—nc ﬁc)ﬁ'E(l—frE)EO (6)

To find equation (?7?), take the expectation of the score equation (equation (??)) under H4:

EHA[(xE —ng Tg)7c(l —7¢) + (xc — ne 7o)7e(l — 7g) =0

ng (W—ﬁE)ﬁc(l —7?0)—}—110 (F—ﬁc)ﬁE(l —7_1"E) =0

- [ ne 7p(l1 — 7g)
ng 7?0(1 — ﬁc) +nc ﬁ:E(l — 7?E)

N ng 7o(l - 7c) ]
T =TR S S - S
ng 7c(1 —7c) +ne 7p(1 — Tg)

To find equation (?7), invert the expectation under Hy of the negative derivative of

% log Ly, (mc|6) and take the square root:

2

TE nNg — TR xo nc —xc
——log L J) = — _
Groyz B Em(meld) =~ Bt R T Gor T - e
0? _ ng ng no nc
EHo{_(aﬂ_C)legLHo(ﬂ-C‘(s):o} = %_1—7@—'_%_1—770
&0(9)

{ﬁ'E(l —7g)/v+7c(l - 7c) }0'5 =

82 -0.5
Ep, {—2logLHO(7TC](5) = 0} =
ne

(Omc) Ve

To find equation (?7) re-express equation (?7?) as a function of 7 and to find equation (77?)

re-express equation (??) as a function of 7V (equation (?7)).
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Table 1. Designs based on 6 =4, at {a,1 — 5} = {.025,.80}. For each design, (a) provides
Ns in upper rows and (vs; 7¢) in lower rows, and (b) provides ¢ (7¢) in upper rows and

(power of the analysis based on 6 = log ), given a design based on 6 = §; Elyc]) in

lower rows.
(a) N
.01 .05 .10 .20
01 3,266 217 80 29
(1.95; .0058)  (3.52; .0025) (3.99; .0020) (3.50; .0020)
.05 14,936 619 170 51
(1.16; .0451)  (1.83;.0292) (2.66; .0184) (3.08; .0126)
.10 28,264 1,136 288 75
(1.05; .0951)  (1.35; .0768) (1.74; .0582) (2.50; .0355)
.20 50,232 2,007 500 123
(1.04; .1950)  (1.10; .1762) (1.28; .1532) (1.67; .1125)
.40 75,344 3,008 747 182
(1.01; .3950)  (1.01; .3754) (1.08; .3502) (1.16; .3012)
(b) v
.01 .05 .10 .20
.01 2.752 22.11 56.68 129.5
(.672; 6) (.056; 0) (.007; 0) (.002; 0)
.05 1.237 2.860 7.148 21.08
(.795; 312) (.683; 6) (.382; 1) (.093; 0)
.10 1.118 1.746 3.041 8.369
(.799; 1,311) (.774; 37) (.691; 6) (.384; 1)
.20 1.064 1.367 1.874 3.586
(.800; 4,806)  (.795; 169) (.778; 34) (.699; 5)
.40 1.042 1.232 1.519 2.331
(.800; 14,818)  (.799; 56255 (.795; 126) (.781; 25)




Table 2. Designs based on 6 = 1, for the 7V x 1) combinations of Table 1(b).
For each design, (a) provides Ny in upper rows and (vy; 7¢) in lower rows and

(b) provides 0(7¢) in upper rows and (power of the analysis based on 6 = 4,

given a design based on 6 = logv; Elyc]) in lower rows.

(a) v )
01 05 10 20
01 3,265 600 - -
(.50; .0064)  (.27; .0019)
05 14,909 632 206 115
(.88;.0453)  (.53;.0315) (.30; .0226) (.25; .0118)
10 28,283 1,141 299 04
(.92;.0052)  (.74; .0784) (.54; .0627) (.33; .0429)
20 50,229 2,019 506 129
(.96; .1951)  (.87;.1767) (.77; .1559) (.59; .1217)
40 75,350 3,015 753 188
(1.00; .3950) (.95 .3756) (.95; .3513) (.89; .3055)
(b) v )
01 05 10 20
01 0109 0385 .0426 0371
(.752; 14) (653;1)  (.808;0)  (.973;0)
05 0100 0536 1195 1893
(.798; 359)  (.761;13)  (.683;4)  (.687; 1)
10 0100 0509 1063 2299
(.800; 1,401)  (.792; 51)  (.771;12)  (.727; 3)
20 0100 0501 1012 2102
(.800; 5,000)  (.799; 191)  (.797; 45)  (.792; 10)
40 0100 0500 1001 2008
(.800; 14,882)  (.886; 580)  (.802; 136)  (.810; 31)




Figure 1: (a) Group-specific failure rates and log odds of failure, and (b) centered differences
in relation to null (single line) and alternative (double line) noninferiority hypotheses. On the
centered-difference scale, values of 6§ — 6y < 0 are consistent with the experimental (E) treatment
being noninferior to the control (C') treatment, and values of § — 6y < 64 — 0y are consistent with
the experimental (F) treatment being superior to the control (C) treatment. These conclusions
depend on the assumption that ¢ < 7p although the trial does not include a placebo (P) arm.

(a) Within-groups scale: Ranges of mr and logit(7g), respectively:

< H, : FE noninferior to C

| | | | // |

0 o+ 04 o + g TP 1

—00 logit(me) + 04 logit(we) + 609 logit(mp) 00

(b) Between-groups scale: Ranges of 6 — 6y when 6 = ¢ and v, respectively:

«— Hj, : FE noninferior to C

| | | | // |
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Figure 2: N X log~y relationships when the noninferiority margin is parameterized on the risk-
difference scale, § = §, with 7% = .10 (green; top), .05 (red; middle), and .01 (black; bottom), at
{a,1 -3} = {.05,.90} and 6 = .20. Vertical bars mark, from left, allocation ratios v = 0.67, 1.0,
and 1.5. Instead of pre-specifying v, our algorithm finds values of s associated with the minimum
overall sample size, Ns.
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{aN,6}  Goal N Range(s) of {v,7Tc}*
{.10,.20} Find min(N) 83 {1.88,.0418} — {2.09,.0394}
Find N at vy =15 85 {1.43,.0480} — {2.71, 0338}
Find N at y = 1.0 92 ({0.96,.0573} — {1.04,.0554}), ({3.38,.0295} — {3.84,.0269})
Find N at v = .67 105 {0.66,.0656} — {0.67,.0653}
{05,.20} Find min(N) 55 {177, 0184} — {3.27, 0121}
Find N at y = 1.5 58 {1.33,.0218} — {3.84,.0107}
Find N at v =1.0 64 {0.94,.0260} — {1.06,.0246}
Find N at v = .67 74 {0.65,.0304} — {0.68,.0299}
{01,.20} Find min(N) 28 {2.16,.0028} — {3.59,.0019}
Find N at v =15 32 {1.31,.0039} — {1.87,.0031}
Find N at y = 1.0 36 {0.99,.0046} — {1.11,.0043}
Find N at v = .67 45 {0.66,.0056}

28



Figure 3: N x log~ relationships for designs {7",§} = {.20,.06} (top), {.10,.06} (center), and
{.05,.06} (bottom), at {a,1 — 8} = {.025,.80}. Vertical bars mark the minimum overall sample
sizes when the noninferiority margin is parameterized on the log-odds scale, § = log 1 (left plot and
bars), and when parameterized on the risk-difference scale, § = § (right plot and bars). Improperly

specifying 7%V = 7o substantially underestimates the sample size.
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N {r.7c}*  {x",0(7c)} N {v.7c}* {7V, (7))}

(7N = 20,9 = 1.456}: 1,399 (.844,.172) {.200,.0603} 1,303 (L.17,.171) {.200,1.456}
(7o = 20,4 = 1.405}:

~ Midpoint Approach 1,538 (.874,.202) {.230,.0604} 1,541 (1.13,.201) .{230,1.404}

~ Tailored Approach 1,548 (.881,.200) {.228,.0600} 1,536 (1.14,.200) .{229,1.406}
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0 =log =0
N {'777?0}* {WN75(7?C)} N {777?0}* {Wva(ﬁC)}
(7N = 10,0 = 1.954}: 794 (.686,.075) {.100,.0617} 790 (1.45,.072) {.100,1.954)
{rc = .10,¢ = 1.714}:
— Midpoint Approach 962 (.751,.104) {.131,.0621} 988 (1.34,.102) {.130,1.705}
— Tailored Approach 995 (.752,.100) {2626, .0600} 975 (1.32,.100) {.128,1.715}
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0 =log =9
N {y7ey  {xN (7)) N {v7el A{rN ¥(Fo)}
{7V = 05,9 = 3.506}: 454 (.464,.029) {.050,.0660} 436 (2.03,.026) {.050,3.506}
{mc = .05,¢ = 2.348}:
— Midpoint Approach 580 (.614,.058) {.084,.0683} 653 (1.60,.053) {.080,2.270}
— Tailored Approach 668 (.603,.050) {.072,.0596} 630 (1.65,.050) {.077,2.341}

* Medians of solution ranges.
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